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changes between the proposal stage and actual deployment, the in-
clusion of propellant mass in the equation derived for spacecraft wet
mass allows changes to the design lifetime and design altitude to be
explicitly taken into account.
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Analysis of Optimal Weaving Frequency
of Maneuvering Targets

Rafael Yanushevsky*
Technology Service Corporation,
Silver Spring, Maryland 20910

Nomenclature
a. = guidance command, m?/s
a; = missile acceleration, m?/s
ar = targetacceleration, m?2/s
N = effective navigation ratio
oo = timg togo,s
Va = closing velocity, m/s

y relative separation between a missile and target, m
¢ flight-control system damping

A = line-of-sight angle, rad
T

1)

flight-control system time constant, s
flight-control system natural frequency, rad/s
airframe zero frequency, rad/s

8
|

Introduction

ANEUVERS present the best strategy for missiles to achieve
their goals. Sinusoidal or weave maneuvers of a target can
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make it difficult for a pursuing missile to obtain an intercept. Opti-
mal control and game theory have been used in attempts to formulate
precisely and solve the problems of optimal pursuit and evasion.! =
Unfortunately, it is difficult to build a realistic analytical model that
can be utilized in practice. Deterministic optimal control laws re-
quire full information about a target and missile flight parameters.
Such complete information is never available. However, it is reason-
able to assume that the evader (target) knows the types of missiles
and guidance laws that can be used for interception, but does not
know the time to go until intercept of the pursuing missile. In this
case, a properly chosen periodic maneuver sequence offers the target
its best chance of survival.>

Miss distances depend on the frequency of maneuvers. It is shown
that their functional relationship has a maximum, that is, there exists
a frequency for which the amplitude of the miss distance has a
maximum. The procedure of determination of the optimal frequency
is presented.

This Note considers the influence of the target weave maneuver on
a third-order proportional navigation guidance system, presented in
the form that is commonly used in practice. The analogous analysis
for a simplified first-order proportional navigation guidance system
is given in Ref. 6. The generalized analysis in this Note makes it
possible to utilize in practice the relations obtained. A closed-form
solution for the miss distance as a function of the effective navi-
gation ratio, guidance system time constant, natural frequency, and
damping and weave maneuver amplitude and frequency is derived.
The procedure of determination of the optimal frequency, that is, the
frequency that maximizes the steady-state miss distance amplitude,
is described.

Weave Maneuver Analysis

A block diagram of the guidance system under consideration is
given in Fig. 1. It has the same structure as that in Refs. 4-6. Here,
missile acceleration n; is subtracted from target acceleration ny, and
the result is integrated to obtain relative position y, which, at the
end of flight 4, is the miss distance y(f/). A division by range (clos-
ing velocity V,; multiplied by time to go f,, until intercept) yields
the geometric line-of-sight (LOS) angle A, where the time to go is
defined as ty, =1 —t. It is assumed that the missile seeker, repre-
sented as a perfect differentiator, effectively provides a measurement
of the rotation rate of LOS from the interceptor to the target. The
filter dynamics are neglected. (For the problem under consideration,
the time lag of a filter can be taken into account by an increase in
the time constant of the flight-control system.) Perfect estimation of
the LOS rate is assumed to generate a guidance command 7, based
on the proportional navigation law.

The flight-control system guides the missile to follow this ac-
celeration command. The flight-control system dynamics, which
combines its airframe and autopilot dynamics, are represented by

Miss .
Target (%) A
Maneuver 1 T :
nr A R) 2 V(:lt g0
Wi(s) NV, |&
ny, e
Missile Guidance
Acceleration Command

Fig. 1 Missile guidance model.
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the following transfer function:

l—sz/a)2

(14 T)[1 + 2 fon)s + 52 [y ]

W(s) = (D

with the flight-control system damping ¢, natural frequency wy,
time constant t, and the airframe zero frequency w..

According to Ref. 7, in the complex domain, the miss distance at
time 7, can be presented as

Y(tf,s)zexp|:N/ H(a)doi|YT(s) 2)

where Y7 (s) is the Laplace transform of target distance, and
H(s) =W(s)/s 3)

The miss distance due to a weaving target will be evaluated by
determination of the magnitude of the steady-state component of
Eq. (2) when the input is a unit harmonic signal, for example, a unit
sine wave, of target acceleration with frequency w (ny = 1g sinwt,
where g is acceleration of gravity), that is, from the expression

Pty iw) = exp [N/ H(U)da] g 4)

- (iw)?

where P (t;, iw) is the frequency response with respect to the miss

distance at moment /.
iw
/ H(o)do
oo

The integral
can be calculated when H (s) is written in the form

A B/t Cs+ D
He =24+ L/ - ®)
s s+ 1/t sz/wM—}—(Z{/a)M)S-i—l
where the coefficients A, B, C, and D can be calculated as
2 —1/w?
A=1 B = / =
2% /oy —T—1/10,
1 B 2
C=—-———, D:——E+Crw§4 (6)
wy Ty wy

Integrals of the first two terms equal, respectively, hW(iw) =
ln|w|+iarg(iw) and (B/T) h(iw+1/T) = (B/27) la(w?+1/7%) +
i(B/t)arg(iow+ 1/7). We do not specify the arguments of the pre-
ceding expressions here because they are not used in determining
the amplitude characteristic | P (t;, iw)| of P(ty, iw). We also do not
consider the lower limit of integration because, as shown in Ref. 7,
for the given structure of H (s) and W (s), the result of evaluation of
the whole expression at the lower infinite limit of integration equals
Zero.

The integral of the third term of Eq. (5) is calculated by separation
of the real and imaginary parts of the integrand. We will present only
the real part of integration because only this part is needed to obtain
|P(ty,iw)| (see Appendix):

wy (D — twyC)

2\/1-2¢2
X <tan1 @-ouyl=-¢ — tan™! w+wMVl_§2>

Cwy fwu

%w,zw [’n,[(wjzw - w2)2 +4wi,1§2] +
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By substitution of the real components of the integrals just calcu-
lated into Eq. (4), we obtain the amplitude characteristic | P (¢, iw)|
in the following form:

[P(t;, ®)| = o™ (@® + 1/7%)N/*

% [(@3) — o™)? + 402,62 VN expO (g /) 7)
where
wu(D — £y C)

2/1-¢?
w—wy1 -2
><<tan1 M 3 —tan”!

g {oy

exp() = exp |:N

Analysis of Eq. (7) shows that the amplitude characteristic has
a maximum with respect to the frequency w. It can be determined
easily by simulation of relationship (7).

Figure 2 shows this relationship for N =3, wy =20 rad/s,
w; =5 radfs, t=0.5 s, and { =0.7. From Fig. 2, we can expect
the maximum miss distance (peak miss) for a target maneuver with
a frequency of 1.4 rad/s, that is, with a period of 4.48 s. Figure 3
presents the simulation result for the linearized two-dimensional
model in Fig. 1 and a target acceleration ny = 1g sin 1.4¢, which
corresponds to the optimal maneuver frequency determined earlier.
The peak miss amplitude in Fig. 3 for this frequency is in full corre-
spondence with the peak miss in Fig. 2 obtained from Eq. (7). The

25
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Fig. 2 Amplitude characteristics of frequency response.
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Fig. 3 Optimal weaving frequency and peak miss distance based on
analytical analysis agree with simulation results.
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Table 1 Influence of flight-control system parameters on optimal
weaving frequency and peak miss distance

Case

number ., rad/s 7,85 ¢ wpy,rad/s Peakmiss,m wqp, rad/s
1 5 0.5 0.7 20 21.54 14
2 10 0.5 0.7 20 4.25 1.5
3 20 0.5 07 20 2.86 1.3
4 100 0.5 07 20 2.5 1.3
5 5 02 07 20 56.6 8

6 5 0.6 0.7 20 21.19 1.2
7 5 0.7 0.7 20 21.5 1

8 5 0.5 0.6 20 12 1.5
9 5 0.5 0.8 20 39.72 1.4
10 5 0.5 0.7 10 9.25 1.3
11 5 0.5 07 30 70.4 1.5

analysis of the optimal weaving frequency given earlier can provide
the basis for a more rigorous analysis later by the use of a more
detailed engagement model.

The flight-control system of a tail-controlled endoatmospheric
missile with the indicated parameters was considered in Ref. 8. It
was shown that, at high altitude, the performance of a tail-controlled
aerodynamic missile can deteriorate because of the existence of low-
frequency right half-plane zeroes w..

Table 1 shows the influence of the flight-control system param-
eters on the miss amplitude and the optimal weaving frequency
Wep; deviations were considered with respect to the values utilized
in Figs. 2 and 3. As seen from Table 1, the peak miss decreases
drastically when w, > 10 rad/s, but right half-plane zeroes do not
significantly influence the optimal weaving frequency. The increase
of the amplitude miss for smaller values of time constant and larger
values of damping and natural frequency is stipulated by the un-
satisfactory dynamic properties of the flight-control system (peak
overshoot, settling time, etc.).

Conclusions

The procedure of determination of the optimal frequency for
which the amplitude of the miss distance has a maximum is pre-
sented. The optimal frequency is evaluated approximately by cal-
culation of the steady-state component of the linearized missile
guidance model based on the unit sinusoidal target signal. The es-
tablished existence of a maximizing frequency offers an approach
for development of an optimal evasive maneuver design. The opti-
mization procedure described also provides a way to evaluate the
worst-case scenario when missiles engaging maneuvering targets
are developed.

Appendix: Integral Calculation
The integral from the third term of Eq. (5) can be presented as

/S Cs+D d /S Cwls + Da?, :
s = — - ds
o 2]} + Q20 Joy)s + 1 o 2+ 20y ¢s + o

ijzw S w? (&wyC — D)
= b (s> 4+ 20pCs + w?,) — Mo
2 ( mé M) 0 S2+ 20y Ls + @
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For s =iw, the last expression can be written as

X
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Here the symbol acrtan is used to denote the inverse tangent
function of the complex variable, and the symbol tan™! denotes
the inverse tangent function of the real variable that character-
izes the argument of the complex variable of the logarithmic
function.
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